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1. Introduction
Let k be an algebraically closed ﬁeld of characteristic p > 0, and, for an integer g  1, let Ag,1
denote the moduli stack of principally polarized abelian varieties of dimension g deﬁned over k. Space
Ag,1 can be stratiﬁed according to the invariants of the kernel of multiplication-by-p map of the
abelian varieties, considered as a group scheme, such as p-rank, Newton polygon, and Ekedahl–Oort
type. These stratiﬁcations can then be induced onto any subfamily of abelian varieties. For example,
the points of the moduli space Mg of smooth projective curves of genus g deﬁned over k can be
considered as a locus in Ag,1 via the Torelli morphism, and thereby Mg can be stratiﬁed by invariants
of the p-torsion of the Jacobian varieties of such curves.
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aX := dimk Hom
(
αp, X[p]
)
,
where αp is the kernel of the Frobenius endomorphism on the group scheme Ga (αp ∼= Spec(k[x]/xp)
as a scheme), and the group scheme X[p] is the kernel of multiplication-by-p on X . When X = J (C),
the Jacobian variety of a curve C , we write aC instead of a J (C) and refer to it as the a-number of C .
The a-number plays the following role in the Ekedahl–Oort stratiﬁcation of Ag,1, which is
known [10] to be the stratiﬁcation by the isomorphism classes of the p-torsion. For an abelian vari-
ety X of dimension g there exists [9] an exact sequence
0 → H0(X,1X )→ H1dR(X) → H0(X,1X )→ 0,
via which one can consider H0(X,1X ) to be a vector subspace of the de Rham cohomology
space H1dR(X). If V is the Verschiebung operator on H
1
dR(X), then H
0(X,1X ) = V H1dR(X) is the g-
dimensional space of the canonical ﬁltration [6] of H1dR(X). Therefore, if νX = [νX,1, . . . , νX,g] denotes
the elementary sequence (see [10]) of X , then νX,g := dim(V H0(X,1X )). It is known [8, (5.2.8)] that
aX equals the dimension of the kernel of the action of Verschiebung on H0(X,1X ) and therefore
νX,g = gX − aX .
Of a particular interest are abelian varieties X for which gX = aX or, equivalently, whose Ekedahl–Oort
elementary sequence is [0, . . . ,0]. These are precisely [8, 1.6] the abelian varieties that are isomorphic
to a self-product of a supersingular elliptic curve, and are known as the superspecial abelian varieties.
For an integer 0 a g , let us write T g,a for the locus in Ag,1 of points corresponding to abelian
varieties X with aX  a or, equivalently, νX,g  g − a in the elementary sequence of X . For example,
T g,g is the locus of superspecial abelian varieties. A result of Re [11] states that if
g − a < 2g
p(p + 1) +
p − 1
p + 1 ,
then Mg ∩ T g,a is empty. Let Hg denote the locus in Ag,1 of points corresponding to Jacobian vari-
eties of hyperelliptic curves of genus g deﬁned over k. Re also proves that if
g − a g
p
− p + 1
2p
,
then Hg ∩ T g,a is empty.
In this paper, we reexamine these results for the subloci of Ag,1 corresponding to Jacobian vari-
eties of Kummer covers of the projective line P1k and, in particular, obtain improved bounds for such
curves, including the hyperelliptic curves. We make extensive use of the fact [9] that for a smooth
projective curve C the action of Verschiebung on H0( J (C),1J(C))
∼= H0(C,1C ) coincides with the
action of the Cartier operator [3] on H0(C,1C ).
Let π : C → P1k be a smooth branched cyclic cover of order n relatively prime to p. Denote by
α1, . . . ,αr ∈ P1k (k) the branch points of π . Then C is the projectivization of an aﬃne curve given by
equation
yn =
r∏
j=1
α j =∞
(x− α j)n j
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so that
r∑
j=1
n j ≡ 0 (mod n).
If π is not ramiﬁed over inﬁnity, this congruence is automatically satisﬁed. If C is connected, which
we assume to be the case throughout this paper, then the greatest common divisor (n,n1, . . . ,nr) = 1.
The integers n1, . . . ,nr are well deﬁned up to a permutation and simultaneous multiplication by a
unit in Z/nZ. The tuple n = (n;n1, . . . ,nr) is referred to [1,2] as the (ramiﬁcation) type of π , or of C .
The genus gC of C is given [7, (4)] by the formula
gC = 1
2
n(r − 1) − 1
2
r∑
j=1
(n,n j) + 1.
Given a valid ramiﬁcation type n, we write H
P
1
k ,n
for the locus in Ag,1 of points corresponding to the
Jacobian varieties of smooth cyclic covers of P1k of type n, where g is the genus of curves of type n.
For example, H
P
1
k ,n
= Hg for n := (2; 1, . . . ,1︸ ︷︷ ︸
2g + 2 times
).
Fix a primitive nth root of unity ζ ∈ k. Then there exists a generator δ of Gal(C/P1k ) acting on the
closed points of C by (x, y) 	→ (x, ζ−1 y). By functoriality, δ induces an automorphism δ∗ of the vector
space H0(C,1C ), and
H0
(
C,1C
)= n−1⊕
i=0
Di, (1.1)
where Di denotes the ζ i-eigenspace of δ∗ . The dimensions di := dim(Di) of these spaces are given by
di =
r∑
j=1
〈in j/n〉 − 1. (1.2)
In particular, d0 = 0. Here, · denotes the ceiling function, · denotes the ﬂoor function, and 〈·〉 is
the fractional part. For example, 〈m/n〉n is the reduction of m modulo n.
Finally, the Cartier operator satisﬁes C (ζ piω) = ζ iC (ω), and therefore
C (D〈pi/n〉n) ⊂ Di
for all 1 i < n. Since (p,n) = 1, the function i 	→ 〈pi/n〉n is a permutation on the set {1, . . . ,n − 1},
and we denote its inverse by σ . In other words, C (Di) ⊂ Dσ(i) .
Our main result is
Theorem 1.1. Let π : C → P1k be a Kummer cover of type (n;n1, . . . ,nr) deﬁned over an algebraically closed
ﬁeld of characteristic p > 0. Deﬁne di and σ(i) as above. Then
n−1∑
i=1
min
(
2di/p,dσ (i)
)
 gC − aC 
n−1∑
i=1
min(di,dσ (i)).
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H0(C,1C ), and so d1 = g .
Corollary 1.2. If p > 2 and integers 0 a g satisfy
g − a 2g
p
− 2,
then Hg ∩ T g,a is empty.
In addition, we obtain the following result.
Corollary 1.3. Let C be a superspecial Kummer cover of P1k of ramiﬁcation type (n;n1, . . . ,nr). Then for each
1 i  n − 1, one has dim(Di) < p. In particular, gC  (p − 1)(n − 1).
For n  (p + 1)/2 this bound is an improvement over the bound g  p(p − 1)/2 in [5]. Even
though the latter result is sharp for smooth curves in general, examples of sharpness come from
certain Fermat curves that fall outside the class of curves we consider.
We also prove that the a-number of a Kummer curve in characteristic 2 depends only on the
ramiﬁcation type of the curve, and not on the location of the branch points. This mirrors a similar
result [4] for Artin–Schreier (hyperelliptic) covers of the projective line in this characteristic.
Corollary 1.4. Let k be an algebraically closed ﬁeld of characteristic p = 2, and C be a Kummer cover of P1k of
ramiﬁcation type (n;n1, . . . ,nr) deﬁned over k. Then
gC − aC =
n−1∑
i=1
min(di,dσ (i)).
This article is structured as follows. Section 2 contains a review of the structure of the space
H0(C,1C ) of regular differential forms on C . In Section 3, we compute the action of the Cartier
operator on H0(C,1C ). Finally, Section 4 contains the proof of Theorem 1.1 and Corollary 1.3.
The author would like to thank Dr. Rachel Pries for her guidance and insightful discussions on the
subject of this work, and the referee for helpful suggestions and further inspiration.
2. Regular differential forms
First, we examine the action of the group μn(k) of the nth roots of unity in k on H0(C,1C ).
The entire contents of this section can be found in [2] and [7], but for clarity we restate them here
without proofs.
Let π : C → P1k be a connected branched cyclic cover of order n (not necessarily prime) that is rel-
atively prime to the characteristic p of an algebraically closed ﬁeld of deﬁnition k of C . Let B ⊂ P1k (k)
be the branch locus of the map π . It is a well-known fact of the Kummer theory that C has an aﬃne
model given by an equation yn = f (x), where f ∈ k(x). After a change of variables, we may assume,
without loss of generality, that f ∈ k[x] and
f (x) =
∏
α∈B−{∞}
(x− α)nα
for some integers 1 nα < n. If π is not ramiﬁed over ∞ ∈ P1k (k), then
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α∈B
nα ≡ 0 (mod n). (2.1)
The converse is also true. Therefore, if ∞ ∈ B , we can ﬁnd a unique integer 1  n∞ < n such that
congruence (2.1) is satisﬁed. The tuple (n;nα | α ∈ B) is the ramiﬁcation type of C . For convenience,
we set nα = 0 for α /∈ B and denote deg( f ) =∑α∈B−{∞} nα by N . Note that from congruence (2.1) it
follows that (n,n∞) = (n,N).
By examining the divisor of
∏
α∈k(x− α) jαdx/yi for 0  i < n and a choice of jα ∈ Z for α ∈ k
with only ﬁnitely many jα = 0 it can be seen that this differential form lies in H0(C,1C ) if and only
if jα satisfy
( jα + 1)n > inα for all α ∈ k, and (2.2)(∑
α∈k
jα + 1
)
n < iN. (2.3)
If we deﬁne
jmin,α,i := inα/n,
then condition (2.2) becomes j  jmin,α,i . Note that jmin,α,i  0, and that jmin,α,i = 0 whenever
nα = 0 (i.e., α /∈ B). Therefore it is possible to deﬁne polynomials
hmin,i(x) :=
∏
α∈k
(x− α) jmin,α,i
for each 0 i < n. We have deg(hmin,i) =∑α∈k jmin,α,i . Condition (2.3) can be rewritten as ∑α∈k jα 
jmax,i , where
jmax,i := iN/n − 2.
We conclude that h(x)hmin,i(x)dx/yi ∈ H0(C,1C ) for some h ∈ k(x) if and only if h ∈ k[x] and
deg(h)  jmax,i − deg(hmin,i). For example, for i = 0 this condition becomes deg(h)  −1, conﬁrm-
ing that D0 = {0}. We set
ωi,1 := hmin,i(x)dx/yi .
If we deﬁne subspaces Di ⊂ H0(C,1C ) by
Di :=
{
h(x)ω j,1
∣∣ h ∈ k[x], deg(h) jmax,i − deg(hmin,i)},
then
dim(Di) = jmax,i − deg(hmin,i) + 1
= iN/n −
∑
α∈B−{∞}
inα/n − 1
=
∑
α∈B
inα/n −
∑
α∈B
inα/n − 1
=
∑
〈inα/n〉 − 1.
α∈B
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H0
(
C,1C
)= n−1⊕
i=1
Di,
and so Di are precisely the eigenspaces deﬁned in Section 1, with D0 = {0}. Differential forms
ωi, j := x j−1ωi,1 (2.4)
with 1 j  di := dim(Di) form a basis of Di .
3. Cartier operator
In [3], Cartier deﬁnes an operator C on the sheaf 1C satisfying the following properties:
(1) C (ω1 + ω2) =C (ω1) +C (ω2),
(2) C (hpω) = hC (ω),
(3) C (dz) = 0,
(4) C (dz/z) = dz/z,
for all local sections ω, ω1, ω2 of 1C and z of OC . The ﬁrst two properties are collectively referred
to as p−1-linearity. It follows that for a local section
ω = (hp0 + hp1 z + · · · + hpp−1zp−1)dz/z
of 1C with nonzero z, we have
C (ω) = h0dz/z.
This operator induces a p−1-linear map
C : H0(C,1C )→ H0(C,1C ).
If one deﬁnes rank(C ) := dimkC (H0(C,1C )), then
aC = gC − rank(C ).
Deﬁne integer-valued functions 
 and σ on {1, . . . ,n − 1} as follows.
(1) 1 σ(i) n − 1 is the unique integer satisfying pσ(i) ≡ i (mod n).
(2) 0 
(i) p − 1 is the unique integer satisfying n
(i) ≡ −i (mod p).
Then
pσ(i) − n
(i) = i. (3.1)
Indeed, by the Chinese Remainder Theorem, pσ(i) − n
(i) ≡ i (mod pn), and equality (3.1) follows
from the bounds on σ(i) and 
(i).
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of P1k isomorphic to C that is not ramiﬁed over ∞ ∈ P1k (k). Since the a-number is an isomorphism
invariant, we may assume, without loss of generality, that π is not branched over ∞, and therefore n
divides N . Further, we make that assumption.
We will require the following result.
Lemma 3.2. For all 0 < i < n, the rational function hrnk,i ∈ k(x) given by
hrnk,i := f 
(i)hmin,i/hpmin,σ (i)
is a polynomial with
deg(hrnk,i) = pdσ (i) − di + p − 1,
all of whose zeros have orders less than p.
Proof. Let α ∈ k, and let ordα(h) denote the order at α ∈ A1(k) = k of a rational function h ∈ k(x).
Then
ordα(hrnk,i) = 
(i)ordα( f ) + ordα(hmin,i) − p ordα(hmin,σ (i))
= 
(i)nα + jmin,α,i − pjmin,α,σ (i)
= 
(i)nα + jmin,α,pσ (i)−n
(i) − pjmin,α,σ (i)
= 
(i)nα +
⌊(
pσ(i) − n
(i))nα/n⌋− p⌊σ(i)nα/n⌋
= ⌊pσ(i)nα/n⌋− p⌊σ(i)nα/n⌋.
Obviously, 0  ordα(hrnk,i)  p − 1, as claimed. Notice that if nα = 0, then ordα(hrnk,i) = 0. In other
words, polynomial hrnk,i has a zero at α ∈ k only if α ∈ B − {∞}.
Finally, we know that di = jmax,i − deg(hmin,i) + 1, and therefore,
deg(hrnk,i) = N
(i) + jmax,i − di + 1− p( jmax,σ (i) − dσ (i) + 1)
= pdσ (i) − di + N
(i) +
(⌈
N
(
pσ(i) − n
(i))/n⌉− 1)− p(⌈Nσ(i)/n⌉− 1)
= pdσ (i) − di + p − 1. 
Corollary 3.3. For 0 < i < n, deﬁne polynomials f i,0, . . . , f i,p−1 ∈ k[x] by decomposition
hrnk,i(x) =
p−1∑
t=0
f i,t(x)
pxt, (3.2)
where hrnk,i ∈ k[x] is deﬁned in Lemma 3.2. Then ideal ( f i,0, . . . , f i,p−1) is the unit ideal of k[x].
Proof. Indeed, a common root of f i,0, . . . , f i,p−1 would be a root of hrnk,i(x) of order no less than p,
contradicting Lemma 3.2. 
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C : yn = f (x)
be a Kummer cover of P1k deﬁned over k with the roots of polynomial f ∈ k[x] having order less than n. Let ωi, j
be given by (2.4), and polynomials f i,0, . . . , f i,p−1 be deﬁned by decomposition (3.2). Then
C (ωi, j) = x( j−1)/p f i,〈− j/p〉p(x)ωσ(i),1.
Proof. (After [12].) By equality (3.1), ypσ(i)−i = yn
(i) = f (x)
(i) . Therefore,
C (ωi, j) =C
(
x j−1hmin,i(x)dx/yi
)
=C
(
hrnk,i(x)hmin,σ (i)(x)p
f (x)
(i)
· 1
ypσ (i)−n
(i)
· x j−1dx
)
= hmin,σ (i)(x)
yσ (i)
C
( p−1∑
t=0
f i,t(x)
pxt+ j dx
x
)
= x j/p−1 f i,〈− j/p〉p(x)hmin,σ (i)(x)dx
yσ (i)
= x( j−1)/p f i,〈− j/p〉p(x)ωσ(i),1. 
Remark 3.5. (1) Let 0 t  p − 1 be an integer. It is easy to see that
#{1 j  di | j ≡ −t mod p} =
⌊
(di + t)/p
⌋
,
and therefore, by Theorem 3.4,
C (Di) = Wωσ(i),1,
where the subspace W of k[x] is given by
W :=
p−1∑
t=0
{
g(x) f i,t(x)
∣∣ g ∈ k[x], deg(g) < ⌊(di + t)/p⌋}, (3.3)
and the multiplication is element-wise.
(2) Note that
deg( f i,〈−(di+1)/p〉p) =
⌊
deg(hrnk,i)/p
⌋
= dσ (i) − di/p,
since the leading term of f i,〈−(di+1)/p〉p comes from the leading term of hrnk,i , which has degree
pdσ(i) − di + p − 1 by Lemma 3.2.
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In proving Theorem 1.1 we will require the following technical result.
Lemma 4.1. Let f1, . . . , fr ∈ k[x] be polynomials such that ( f1, . . . , fr) = (h) for some h ∈ k[x], and let m 0
be an integer. Deﬁne a vector subspace V of k[x] by
V :=
r∑
j=1
{
f j g
∣∣ g ∈ k[x], deg(g) <m}.
Suppose that for some 1 t  r we have ft = 0. Then
dim(V )min
(
2m,m + deg( ft) − deg(h)
)
.
Proof. Without loss of generality, we assume that t = 1. For 1  i  r, let hi ∈ k[x] be the greatest
common divisor of f1, . . . , f i , i.e., the monic polynomial satisfying (hi) = ( f1, . . . , f i). Deﬁne vector
subspaces
Vi :=
i∑
j=1
{
f j g
∣∣ g ∈ k[x], deg(g) <m}
of V , thus obtaining a ﬁltration V1 ⊂ · · · ⊂ Vr = V . Since f1 = 0, we have dim(V1) = m. Statements
of linear dependence in Vi are equivalent to those of existence of solutions g1, . . . , gi ∈ k[x] of
f1g1 + · · · + f i gi = 0 (4.1)
with deg(g j) <m for 1 j  i and not all of g j ∈ k[x] equal to zero.
First, suppose that for some 2  i  r, there are no solutions of Eq. (4.1) satisfying necessary
conditions with gi = 0. Then
Vi−1 ∩
{
f i g
∣∣ deg(g) <m}= {0},
and so
dim(Vi) = dim(Vi−1) +m
 dim(V1) +m
= 2m,
which completes the proof.
We now assume that for every 2  i  r such a solution (dependent on i) exists. For any such
syzygy with gi = 0 having the minimal degree among all possible solutions, one has
Vi−1 ∩
{
f i g
∣∣ deg(g) < deg(gi)}= {0},
and therefore,
dim(Vi) = dim(Vi−1) + deg(gi).
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( f i/hi)gi = −(hi−1/hi)
(
( f1/hi−1)g1 + · · · + ( f i−1/hi−1)gi−1
)
.
By the choice of the polynomials h j , 1 j  k, the terms f i/hi , hi−1/hi , and f j/hi−1 for 1 j  i − 1
are polynomials. In addition, f i/hi and hi−1/hi are relatively prime, and therefore hi−1/hi divides
gi = 0. Thus,
dim(Vi) − dim(Vi−1) = deg(gi)
 deg(hi−1) − deg(hi).
Combining these inequalities for all 2 i  r, we obtain
dim(V ) − dim(V1) =
r∑
i=2
(Vi − Vi−1)

r∑
i=2
(
deg(hi−1) − deg(hi)
)
= deg(h1) − deg(hr)
= deg( f1) − deg(h).
The desired inequality follows immediately. 
Corollary 4.2.With all terms as deﬁned in the previous sections,
min
(
2di/p,dσ (i)
)
 dim
(
C (Di)
)
min(di,dσ (i)).
Proof. Let f i,1, . . . , f i,p−1 be as in Corollary 3.3. By the same corollary, we have ( f i,1, . . . , f i,p−1) = (1).
Since (di + t)/p di/p for all t  0, the space
V :=
p−1∑
t=0
{
g fi,t
∣∣ g ∈ k[x], deg(g) < di/p}
is a subspace of vector space W given by equality (3.3). If we let t := 〈−(di +1)/p〉p and m := di/p,
then deg( f i,t) = dσ(i) − di/p by Remark 3.5. Apply Lemma 4.1 to the space V to obtain
dim
(
C (Di)
)= dim(W )
 dim(V )
min
(
2di/p,dσ (i)
)
,
as desired.
The second inequality follows from the fact that the dimension of the image of a p−1-linear map
does not exceed the dimensions of its domain and codomain. 
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rank(C ) =
n−1∑
i=1
dim
(
C (Di)
)
.
Now apply Corollary 4.2 and [8, (5.2.8)]. 
Proof of Corollary 1.3. One has
di =
∑
α∈B
〈inα/n〉 − 1
=
∑
α∈B
〈(
pσ(i) − n
(i))nα/n〉− 1
=
∑
α∈B
〈
pσ(i)nα/n
〉− 1

∑
α∈B
p
〈
σ(i)nα/n
〉− 1
= pdσ (i) + p − 1,
and therefore di/p dσ(i). Thus, if di  p, then min(2di/p,dσ(i)) 1 and gC − aC  1, implying
that C is not superspecial. 
Proof of Corollary 1.4. Recall that p = 2. If di is even, then 2di/p = di and, by Corollary 4.2,
dim(C (Di)) = min(di,dσ(i)).
Further, suppose that di is odd, i.e., that 2di/p = di − 1. Let m := (di + 1)/2 and consider the
space
V := { f i,0g0 + f i,1g1 ∣∣ gi ∈ k[x], deg(gi) <m for i = 0,1}
= W + 〈 f i,0(x)x(di−1)/2〉,
where 〈·〉 denotes the k-linear span and W is given by equality (3.3). Since deg( f i,0) = dσ(i)−di/p =
dσ(i) −m + 1, and ( f i,0, f i,1) is the unit ideal of k[x], through application of Lemma 4.1 we obtain
dim(V )min
(
2m,deg( f i,0) +m
)
= min(di,dσ (i)) + 1.
However,
dim
(
C (Di)
)= dim(W )
 dim(V ) − 1
min(di,dσ (i)).
Equality dim(C (Di)) = min(di,dσ(i)) follows by Corollary 4.2, and the desired formula for gC − aC =
rank(C ) is obtained from direct sum decomposition (1.1). 
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